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Abstract
Let G be a classical group over the field with q = pd elements. We prove that if p is an odd prime
then the irreducible characters of the Sylow p-subgroup of G have degrees that are powers of q.
Moreover, we prove that if p is odd and G is not the unitary group then the Borel subgroup of G is
an M-group and its character degrees as well as the sizes of the conjugacy classes can be written in
the form qr (q − 1)s2k .
 2003 Published by Elsevier Inc.
1. Introduction
Let G be a classical group over the finite field K with q = pd elements. We examine the
conjugacy classes and the complex irreducible characters of the Sylow p-subgroup and the
Borel subgroup of G. In general, if q is a positive integer, we shall say that a finite group G
is a q-power-degree group if all of its irreducible characters have degrees that are powers
of q . (This definition was introduced by I.M. Isaacs in [2].) D. Thompson conjectured that
the Sylow p-subgroup ofG= GL(n, q) is a q-power-degree group. In the case p > n it was
proved by Kazhdan (see [4] or Theorem 7.7(v) in [7]), who actually proved a more general
theorem which applies to other algebraic groups with some restriction on the characteristic.
Later I.M. Isaacs [2] proved the conjecture of Thompson and this fundamental paper
contains the main tools for the study of the other types of classical groups. Using these
methods we prove that if p is odd and G is any classical group then the Sylow p-subgroup
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B. Szegedy / Journal of Algebra 267 (2003) 130–136 131of G is a q-power-degree group. We use here a unified treatment of the classical groups so
we can avoid the case by case checking. The antecedent of this result is due to A. Previtali
[5] who proved it for the cases G= Sp(2n,q), O+2n(q), and SU(2n,q2). It turned also out
that the restriction p > 2 is necessary in the cases of many classical groups (see [1,2]).
At this point we should also remark that our results concerning the Sylow subgroups were
also discovered independently at the same time by J. Sangroniz. (He has also new results
for the case p = 2.)
M. Geek conjectured that the Borel subgroup of G is an M-group, i.e., that all
irreducible complex characters are obtained by induction from linear characters of various
subgroups. In [8] we proved that this is true for the case G= GL(n, q) and that, moreover,
every character degree and conjugacy class size has the form qr(q − 1)s . In our present
paper we prove that if p is odd and G is a classical group except the unitary group then
the Borel subgroup of G is an M-group and that, moreover, the degrees of the irreducible
characters and the sizes of the conjugacy classes can be written in the form qr(q − 1)s2k
for some integers r , s, k. P.P. Pálfy has informed me that the “undesirable” 2-power part of
the previous formula does indeed occur in the case of the conjugacy class sizes of certain
symplectic groups. The proof of our main result is strongly based on our results about the
Sylow subgroups.
2. Notation and basics
The algebra of all n×n matrices will be denoted by Mn(K). Let σ be either the identical
or an involutorial field automorphism of K and let τ be the composition of the transpose
map of Mn(K) with the ring automorphism of Mn(K) induced by σ . We denote the fixed
subfield of σ by Kσ . (In case σ is trivial we have Kσ =K.)
Notation 1. For a fixed matrix A ∈Mn(K) let
L(A, τ)= {M ∣∣MτA+AM = 0}, F (A, τ)= {M ∣∣MτAM =A},
G(A, τ)= {M ∣∣MτAM =A, M is invertible}.
Lemma 1. The set G(A,τ) forms a group under matrix multiplication and the set L(A, τ)
is a vector space over Kσ .
Definition 1. A matrix M is called non-exceptional if 1+M is invertible.
The following lemma (in a slightly different form) can be found in [9, Lemma (2.10.A)].
Lemma 2 (Cayley’s parametrization). If char(K) = 2 then the rational function
ϕ(x)= (1− x)(1+ x)−1
gives a bijection between the non-exceptional elements of L(A, τ) and those of F(A, τ).
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(1+M)(1−M +M2 −M3 + · · · )= 1.
If M − 1 is nilpotent and char(K) = 2 then M is non-exceptional, namely
(1+M)((1/2)(1− (M − 1)/2+ (M − 1)2/22 − (M − 1)3/23 − · · · ))= 1.
3. Sylow subgroups
In this section we assume that 2 = p = char(K), |Kσ | = q , and |K| = qe (e ∈ {1,2}).
We will use some definitions and results of Isaacs (see [2]). Our aim is to examine the
character degrees of the Sylow p-subgroup of G(A,τ) for an arbitrary matrix A ∈Mn(K).
Let R be a finite-dimensional algebra with unit element 1 over the finite field F , and
J = J (R) its Jacobson radical. Then the group G = 1 + J is called an F -algebra group.
The F -algebra subgroups of G are the subgroups of the form 1 + J1 where J1 is a sub-
algebra of J . Let G be an F -algebra group and H a subgroup of G. We say that H is a
strong subgroup of G if |H ∩ C| is a power of |F | for all algebra subgroups C of G. (In
particular, G is a strong subgroup of itself.) Isaacs proved in [2] that if G is an F -algebra
group and H is a strong subgroup of G then all irreducible complex characters of H have
|F |-power degree.
In the following we will see that any Sylow p-subgroup P of G(A,τ) is a strong
subgroup of a Kσ -algebra group S which is a Sylow p-subgroup of the full linear group
GL(n, q). (The group S can be regarded as a K-algebra group also, but in this context the
strong subgroups are not the same as over Kσ .)
Lemma 4. If R is a Kσ subalgebra of Mn(K) and J (R) is the Jacobson radical of R then
the group G(A,τ)∩ (1+ J (R)) is a strong subgroup of 1+ J (R).
Proof. In order to prove that G(A,τ) ∩ (1 + J (R)) is strong in 1 + J (R) we have to
show that |G(A,τ)∩ (1+J1)| is a power of q for any subalgebra J1  J (R). Based on the
lemmas and notation of the previous section we get that the map ϕ gives a bijection between
G(A,τ)∩ (1+J1) and L(A, τ)∩J1 because ϕ(1+J1)= J1, ϕ(J1)= 1+J1 (at this point
we use that J1 is an algebra and that the elements of the Jacobson radical are nilpotent).
The set L(A, τ)∩ J1 is a vector space over Kσ so its cardinality is a power of q . ✷
Theorem 1. All complex irreducible characters of a Sylow p-subgroup of G(A,τ) have
q-power degree.
Proof. Let P be a Sylow p-subgroup of G(A,τ) and S be a Sylow p-subgroup of
GL(n,K) containing P . Since the Sylow p-subgroups are conjugate in GL(n,K) we have
that S =X−1U(n,K)X for some X ∈ GL(n,K), where U(n,K) is the group of all upper
unitriangular matrices. It follows that the K-vector space R = 〈1, S〉 is a subalgebra and
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1+ J (R) so all complex irreducible characters of P have q-power degree. ✷
Theorem 2. If G is any classical group over the field K and P is a Sylow p-subgroup of
G then all irreducible complex characters of P have q-power degree.
Proof. It is well known that all classical groups over K are isomorphic to G(A,τ) for
some A ∈Mn(K). ✷
Lemma 5. Let G be an F -algebra group where F is a field with q elements. Let H be
a strong subgroup of G. Then the sizes of the conjugacy classes of H are q-powers.
Proof. If x ∈ H then CH (x) = CG(x) ∩ H . It is easy to see that CG(x) is an algebra
subgroup of G so |CH (x)| is a power of q . The size of the conjugacy class of x is
|H |/|CH(x)| which is also a power of q . ✷
Corollary 1. The conjugacy classes of the Sylow p-subgroups of G(A,τ) have q-power
sizes.
The following corollary was first proved by A. Previtali in [6] but using a different
method.
Corollary 2 (Previtali). If G is any classical group over the field K and P is a Sylow
p-subgroup of G then all conjugacy classes of P have q-power sizes.
4. Borel subgroups
In this section we use the notation and assumptions of the previous sections with the
restriction that here τ denotes the pure transpose map and we replace the notation G(A,τ)
by G(A). Let B ⊂Mn(K) denote the algebra of all upper-triangular matrices and B∗ the
unit group of B . It is well known that the Borel subgroup of any classical group (except
the unitary group) can be obtained as G(A) ∩ B for some integer n and suitably chosen
matrix A. For example, a Borel subgroup of GL(n, q) consists of the invertible upper-
triangular matrices, which is G(0)∩B in our language. (0 is the zero matrix.) The Jacobson
radical of B , which we denote by J , consists of the strictly upper-triangular matrices. The
main character theoretic tool of this section is the following lemma from [8].
Lemma 6. Let G be a finite group, G=N0 N1  · · ·Nr = {1} a decreasing chain of
normal subgroups in G, and C = {c1, c2, . . . , cs} a finite set of positive integers, such that
the following conditions are satisfied:
(a) The elements in C are mutually coprime;
(b) We have |Ni :Ni+1| ∈C ∪ {1} for all i < r;
(c) For each i and χ ∈ Irr(Ni), there exist γ1, . . . , γs  0 with χ(1)= cγ11 cγ22 · · ·cγss .
Then G is an M-group.
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Proof. Let X be the set of all ordered pairs of integers (i, j) where 1  i < j  n. We
order the set X as follows: (i, j) < (k, l) if l > j or l = j , k < i . Let Ik,l denote the set
of all strictly upper-triangular matrices with zeros at the entries (i, j) < (k, l). It is easy to
see that Ik,l is an ideal of B and so Nk,l = 1+ Ik,l is an algebra subgroup of 1+ J which
is normal in B . Using Lemma 4 we get that G(A) ∩Nk,l is a strong subgroup of Nk,l and
thus its order is a q-power. We can choose a strictly descending chain G(A) ∩ (1 + J )=
N0 >N1 > · · ·>Ns = {1} among the groups G(A)∩Nk,l such that |Ni :Ni+1| = q for all
0 i < s. Let H =G(A)∩B . The group H/(H ∩ (1+ J )) is isomorphic to a subgroup of
B/(1+ J ) which is the nth direct power of the multiplicative group of K . This means that
we can choose a strictly descending chain H = T0 > T1 > · · ·> Tt =H ∩ (1 + J )= N0
where Ti is normal in H and |Ti : Ti+1| is a prime divisor of q − 1 for all 0  i  t − 1.
The degrees of the irreducible characters of Ti can be written in the form qrw where w
divides (q − 1)n (see 11.29 in [3]). Let p1,p2, . . . be the prime divisors of q − 1. We
use our Lemma 6 for the normal chain T0 > T1 > · · · > Tt = N0 > N1 · · · > Ns with
C = {q,p1,p2, . . .} and we obtain that H is an M-group. (Remember that the groups
Ni are strong subgroups in 1 + J and so the degrees of the irreducible characters are q-
powers.) ✷
An immediate corollary of this theorem is the following result.
Theorem 4. If G is any classical group over K except the unitary group then the Borel
subgroup of G is an M-group.
Now we start the investigation of the conjugacy classes and the character degrees of
the group G(A)∩B . Let D denote the subalgebra of all diagonal matrices in Mn(K). The
Sylow p-subgroup of B∗ is the normal subgroup 1 + J . Let π denote the set of prime
divisors of q − 1. Every π -subgroup of B∗ is contained in a Hall π -subgroup and all Hall
π -subgroups are conjugate in B∗. One of the Hall π -subgroups of B∗ is D∗, the unit group
of D.
Lemma 7. If B1 is a subalgebra of B containing 1 then the order of the group B1 ∩G(A)
can be written in the form qr(q − 1)s2k for some nonnegative integers r , s, k.
Proof. Lemma 4 shows that the p-part of the order of G(A)∩B1 is a power of q . Let H be
a Hall π -subgroup of G(A)∩B1. There exists X ∈B such that X−1HXD∗ and thus D∗
intersects the group (G(A) ∩ B1)X =G(A)X ∩ BX in a Hall π -subgroup. An easy calcu-
lation shows that G(A)X =G(Y) where Y =X−1A(X−1)T . Now we have that the π -part
of the order of G(A) ∩ B1 is the same as the order of the group K = G(Y) ∩ BX1 ∩D∗.
The elements of G(Y) ∩ D∗ are exactly those invertible diagonal matrices Z for which
ZYZ = Y . If we denote the ith diagonal entry of Z by zi then the equation ZYZ = Y
can be transformed into the following equation system: xizj = 1 for all such pairs 1  i ,
j  n where Yi,j = 0. The additional condition that Z is contained in the algebraBX1 yields
new equations, namely that zi = zj for all i and j which are contained in the same subset
of some fixed partition {1,2,3, . . . , n} = S1 ∪ S2 ∪ · · · ∪ Sh which depends on BX . This1
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there exists l ∈ Si , m ∈ Sj with Yl,m or Ym,l not equal to zero. (The graph may contain
loops.) The group K is isomorphic to the group of all K∗ valued functions f on the set
{1,2,3, . . . , h} defined by the equations f (i)f (j)= 1 if i and j are joined. Let s denote
the number of bipartite components of G and k the number of the non bipartite compo-
nents. An easy analysis of the components of G yields that the number of the functions
defined above and so the order of K is equal to (q − 1)s2k . ✷
Lemma 8. If 1 ∈ B1 is a subalgebra of B then the sizes of the conjugacy classes of
G(A)∩B1 can be written in the form qr(q−1)s2k where r and s are nonnegative integers,
and k is an integer.
Proof. The size of the conjugacy class of an element X ∈ G(A) ∩ B1 is |G(A) ∩ B1 :
G(A)∩B1∩CB(X)| where CB(X) denotes the centraliser of X in B which is a subalgebra
of B . Now we can apply the previous Lemma 7 for |G(A)∩B1| and |G(A)∩B1 ∩CB(X)|
and we obtain that the size of the conjugacy class has the required form. ✷
Theorem 5. If G is any classical group over K except the unitary group then the sizes of
the conjugacy classes of the Borel subgroups of G can be written in the form qr(q − 1)s2k
for some integers r , s, k (r, s  0).
Remark 1. The Borel subgroup of G = GL(n, q) is B∗ and it is easy to see that the
sizes of the conjugacy classes of B∗ can be written in the form qr(q − 1)s , see results
in [8]. However P.P. Pálfy has shown me some examples of symplectic groups where we
unfortunately cannot omit the additional power of 2.
In order to prove the analogous theorem for the degrees of the irreducible characters we
use a result from [8] and we follow the same argument.
Theorem 6. If B1 is a subalgebra of B containing 1 then the degrees of the irreducible
characters of G(A)∩B1 can be written in the form qr(q − 1)s2k for some integers r , s, k
(r, s  0).
Proof. Let J1 be the Jacobson radical of B1. By Lemmas 4 and 5 the degrees of the
irreducible characters and the sizes of the conjugacy classes of G(A) ∩ (1 + J1) are
q-powers. According to Lemma 2.5 in [8] we can choose a sequence of subalgebras
B1 = Sm > Sm−1 > · · · > S1 > J1 such that S∗i+1/S∗i  Zq−1 (1  i < m) and also
S∗1/(1 + J1)  Zq−1. By Lemma 8 the sizes of the conjugacy classes of G(A) ∩ Si =
G(A) ∩ S∗i can be written in the form qr(q − 1)s2k . It follows also that |G(A) ∩ S∗i :
G(A) ∩ S∗i−1| = (q − 1)s12ki and |G(A) ∩ S∗i : G(A) ∩ (1 + J1)| = (q − 1)s12k1 where
si ∈ {0,1} (1 i m) and ki is an integer. Now we introduce the notationGi =G(A)∩S∗i
(1  i  m) and G0 = G(A) ∩ (1 + J1). We prove the statement of the theorem for the
groupsGi by induction on i . By Lemma 4 it is true forG0. Assume that it is true forGi . Let
χ be an irreducible character of Gi+1 and ϕ be the restriction of χ to Gi . Since Gi+1/Gi is
cyclic, Theorem 6.11 (Clifford correspondence) and Corollary 11.22 of [3] together imply
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that χ(1)= ϕ(1)= tψ(1) and t is the number of conjugates of ψ under the action of Gi+1.
Using Lemma 1.3 of [8] and the theorem of Brauer on the actions on classes and characters
(Theorem 6.32 of [3]) we obtain that t = a/b where a denotes the size of the conjugacy
class of some element x ∈Gi in Gi+1 and b denotes the size of the conjugacy class of x
in Gi . ✷
Theorem 7. If G is any classical group over G except the unitary group then the degrees
of the complex irreducible characters of its Borel subgroup can be written in the form
qr(q − 1)s2k for some integers r , s, k (r, s  0).
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